Volumes of orientable 2-cusped hyperbolic 3-manifolds

Han YOSHIDA^∗

Abstract Let M be an orientable 2-cusped hyperbolic 3-manifold. We show that vol(M) > 2.3952v_0, where v_0 is the volume of the regular ideal tetrahedron which is 1.01494 . . .

Mathematics Subject Classifications: Primary 57M50, 57M25, 57N10; Secondary 51M10 Key words: hyperbolic 3-manifold, minimal volume, cusp volume

1 Introduction.

C. Adams showed the following theorem in [1].

THEOREM 1.1 Let M be an n-cusped hyperbolic 3-manifold, namely a complete hyperbolic 3-manifold of finite volume with n cusps. Then, we have vol(M) ≥ nv_0 where v_0 is the volume of the regular ideal tetrahedron which is 1.01494 . . . For n = 1, 2, we can actually obtain non-orientable n-cusped hyperbolic 3-manifolds with vol(M) = nv_0, by glueing the faces of n regular ideal tetrahedra.

As for orientable cusped hyperbolic 3-manifolds, C. Cao and R. Meyerhoff showed the following theorem in [4].

THEOREM 1.2 The minimum volume of orientable 1-cusped hyperbolic 3-manifolds is 2v_0. It is generally believed that the Whitehead link complement, whose volume is 3.66382 . . ., has the minimum volume among orientable 2-cusped hyperbolic 3-manifolds. In this paper, we prove the following Theorem 1,3.

THEOREM 1.3 Let M be an orientable 2-cusped hyperbolic 3-manifold. Then, we have vol(M) > 2.3952v_0.

∗This research is partially supported by Research Fellowships of the Japan Society for the Promotion of Science for Young Scientists.

2 Cusp volume.

We denote the cusps of M by c_1 and c_2. First, we expand the horospherical section of c_1 until it collides with itself, and denote it by C_1. Next we expand the horospherical section of c_2 until it collides with either C_1 or itself, and denote it by C_2. It is easy to get for i = 1, 2, vol(C_i) = 1 2 area(∂C_i).

The following inequality is shown in [1];

vol(M) ≥ 2 √ 3 (vol(C_1) + vol(C_2))v_0.

Thus to prove Theorem 1.3, we will show

area(∂C_1) + area(∂C_2) > 2.3952 √ 3. We use the upper-half-space model H^3 of the hyperbolic 3-space, and identify the boundary of H^3 with C ∪ {∞} and the group of orientation preserving isometries of H^3 with PSL(2, C). Let Γ be the discrete subgroup of PSL(2, C) such that M = H^3/Γ. For a horoball H centered at x, we denote {γ ∈ Γ|γ(H) = H} by Γ_H or Γ_x.

To estimate the area of ∂C_1 and ∂C_2, we need the following Lemma 2.1 and 2.2.

LEMMA 2.1 Let H be a horoball which is a lift of C_i (i = 1. 2) in H^3. Suppose j horoballs H^1, . . . , H^j touch H, and H^k ∩ γ(H^l) = ∅ or {one point} for γ ∈ Γ_H \{id}. Then

area(∂C_i) ≥ √ 3 2 j. PROOF OF LEMMA 2.1. We can assume the center of H is ∞ and its boundary is the Euclidean plane at height 1. By projecting the images of H^1, . . . , H^j by Γ_H on ∂H, we get a circle packing on ∂H. It is well known that amoung circle packings on the Euclidean plane, the hexagonal packing is the densest one, with density π/2 √ 3. By the assumption, we get j disks D_1, . . . , D_j with radius 1/2 on ∂C_i such that int(D_k) ∩ int(D_l) = ∅, where int(D_k) is the set of innerpoints of D_k. Thus Σ^j_{k=1}area(D_k)/area(∂C_i) ≤ π/2 √ 3. Therefore area(∂C_i) ≥ √ 3 2 j.

LEMMA 2.2 Let H be a horoball which is a lift of C_i. If α ∈ Γ − Γ_H , then α(H) is not transformed to α^{−1}(H) by any element of Γ_H .

PROOF OF LEMMA 2.2. Suppose γ_0α(H) = α^{−1}(H) for some γ_0 ∈ Γ_H . Then γ_0αγ_0(H) = γ_0α(H) = α^{−1}(H) and hence (γ_0α)^2(α^{−1}(H)) = γ_0αγ_0(H) = α^{−1}(H). On the other hand we have (γ_0α)^2(H) = γ_0αα^{−1}(H) = γ_0(H) = H. Thus (γ_0α)^2 fixes the centers of α^{−1}(H) and H, and hence (γ_0α)^2 is identity. Then so is γ_0α as Γ is torsion free, and γ_0 = α^{−1} /∈ Γ_H , which contradicts the assumption.

3 Proof of Theorem 1.3.

Let H_∞ be the horoball centered at ∞, whose boundary is the Euclidean plane at height 1. By taking a conjugate of Γ, we assume that H_∞ is a lift of C_1. Furthermore we assume that 0 corresponds to c_2 and that a lift of C_2 centered at 0, which we denote by H_0, has the largest Euclidean height in the lifts of C_2.

As C_1 collides with itself, there is a horoball H^1 which is a lift of C_1 such that H^1 touches H_∞. Since H_∞ and H^1 are lifts of C_1, there exists α_0 ∈ Γ such that H^1 = α_0(H_∞). By Lemma 2.2, the horoball H^1 = α_0(H_∞) is not transformed to α^{−1}_0 (H_∞) by any element of Γ_∞.

Case 1. Suppose C_2 collides with itself. We consider the area of ∂C_1. We expand H_0 until it collides with H_∞, and name it H^′. The horoball H^′ does not intersect with any horoball which is a lift of C_1.

Therefore we have three horoballs H^′, α_0(H_∞) and α^{−1}_0 (H_∞) which touch H_∞, and which are not transformed to one another by any element of Γ_∞. By Lemma 2.1, we have area(∂C_1) ≥ 3 √ 3/2. As C_2 collides with itself, we also have area(∂C_2) ≥ 3 √ 3/2. Thus we get area(∂C_1) + area(∂C_2) ≥ 3 √ 3. Theorem 1.3 follows immediately.

Case 2. Suppose C_2 collides with C_1. Thus the Euclidean height of H_0 is 1. As three horoballs H_0, α_0(H_∞) and α^{−1}_0 (H_∞), which touch H_∞, are not transformed to one another by any element of Γ_∞, by Lemma 2.1, we have

area(∂C_1) ≥ 3 √ 3 2 .

Put ι = ( 0 1 1 0 ) ,^ιγ = ιγι^{−1} for γ ∈ PSL_2(C) and^ιG = ιGι^{−1} for a subgroup G of PSL_2(C). The horoball ι(H_0) is a lift of C_2 centered at ∞ whose boundary is the Euclidean plane with height 1, and ι(H_∞) is a lift of C_1 with Euclidean height 1 centered at 0. On ∂ι(H_0), the Euclidean structure is induced from the hyperbolic structure of H^3. Put {p} = ι(H_∞) ∩ ι(H_0). Let us denote by d(γ) the Euclidean distance between p and γ(p) on ∂ι(H_0) for γ ∈^ι(Γ_0), and choose^ισ ∈^ι(Γ_0) such that d(^ισ) = min{d(γ)|γ ∈^ι(Γ_0)\{id}}. We denote d(^ισ) simply by r. The center of ι(H_0) is ∞ and its boundary is the Euclidean plane at height 1. Hence ι(H_∞) ∩^ισι(H_∞) = ∅ or one point. We have r ≥ 1. The Euclidean height of σ(H_∞) and σ^{−1}(H_∞) is 1/r^2.

REMARK. The horoball H_0 touches σ(H_∞), and the Euclidean distance between the centers of these horoballs is 1/r. Thus the Euclidean distance between the centers of σ(H_0) and the horoball whose Euclidean height is 1, is larger than or equal to 1/r.

As M is an orientable cusped hyperbolic 3-manifold,^ι(Γ_0) is generated by two parabolic elements. We can choose^ιτ ∈^ι(Γ_0) such that^ι(Γ_0) = ⟨^ισ,^ιτ⟩ and π/3 ≤^{̸ι}σ(p)p^ιτ(p) ≤ π/2 on ∂ι(H_0). Thus, we have

area(∂C_2) ≥ √ 3r^2 2 . We get area(∂C_1) + area(∂C_2) ≥ 3 √ 3 2 + √ 3r^2 2 . If r ≥ 1.3381, 3 √ 3 2 + √ 3r^2 2 ≥ 2.39525 √ 3. Theorem 1.3 follows immediately for r ≥ 1.3381. Hence, we suppose 1 ≤ r < 1.3381.

Case 2.1. Suppose 1 < r < 1.3381. We consider area(∂C_1).

By Lemma 2.2, σ(H_∞) is not transformed to σ^{−1}(H_∞) by any element of Γ_∞. As C_1 collides with itself, H_∞ touches H^1 = α_0(H_∞), α^{−1}_0 (H_∞) and H_0, which are not transformed to one another by any element of Γ_∞.

Because r ≠ 1, the Euclidean height of the horoballs σ(H_∞) and σ^{−1}(H_∞) are less than 1. Therefore we have five horoballs σ(H_∞), σ^{−1}(H_∞), H_0, α_0(H_∞) and α^{−1}_0 (H_∞) which are not transformed to one another by any element of Γ_∞.

We consider the Euclidean distance of the centers of the horoballs. The Euclidean distance of the centers of the horoballs with Euclidean height 1 is larger than or equal to 1, that of the horoballs with Euclidean height 1 and 1/r^2 is larger than or equal to 1/r, and that of the horoballs with the Euclidean height 1/r^2 is larger than or equal to 1/r^2. Let D_1, D_2, D_3 be disks on ∂H^3 = C∪{∞} with radius 1/2 centered at the centers of H_0, α^{−1}_0 (H_∞), α_0(H_∞) respectively, and D_4, D_5 disks on ∂H^3 = C∪{∞} with radius 1/r−1/2 centered at the centers of σ(H_∞), σ^{−1}(H_∞) respectively. Since 1/r^2 ≥ 2(1/r − 1/2), these disks are not transformed to one other by any element of Γ_∞. Thus there exist five disks on area(∂C_1) which are disjoint. To estimate area(∂C_1), we will show the following lemma in Section 4.

LEMMA 3.1 Suppose a Euclidean torus T contains three disks D_1, D_2, D_3 with radius 1/2 and two disks D_4, D_5 with radius 0.11 < a ≤ 0.5 such that int(D_i) ∩ int(D_j ) = ∅ for i ≠ j. Then the following inequality holds;

area(T ) ≥ 7 2 tan π 7 + 2 tan π 8 + 12 tan π 6 a^2.

By the above Lemma 3.1, we have

area(∂C_1) ≥ 7 2 tan π 7 + 2 tan π 8 + 12 tan π 6 ( 1 r − 1 2 )^2.

Hence

area(∂C_1) + area(∂C_2) ≥ 7 2 tan π 7 + 2 tan π 8 + 12 tan π 6 ( 1 r − 1 2 )^2 + √ 3r^2 2 . It is not hard to check the right side of the inequality is larger than 4.4796 . . . > 2.3952 √ 3 = 4.1486 . . . for 1 < r ≤ 1.3381.

Case 2.2. Suppose r = 1. Recall that we choose^ιτ ∈^ι(Γ_0) such that^ι(Γ_0) = ⟨^ισ,^ιτ⟩ and π/3 ≤^{̸ι}σ(p)p^ιτ(p) ≤ π/2 on ∂ι(H_0). Put s = d(^ιτ). We have

area(∂C_2) ≥ √ s^2 − 1 4 . As area(∂C_1) ≥ 3 √ 3/2, if s ≥ 1.63, we get

area(∂C_1) + area(∂C_2) ≥ 4.1494 . . . ≥ 2.3952 √ 3 = 4.1486 . . .

Therefore we may assume s < 1.63.

We will show σ(H_∞), σ^{−1}(H_∞), τ(H_∞), τ^{−1}(H_∞) are not transformed to one another by any element of Γ_∞. Suppose σ(H_∞) = γτ(H_∞) for some γ ∈ Γ_∞. (Other cases are proved by the same way.) Then γσ^{−1}γτ(H_∞) = γσ^{−1}σ(H_∞) = γ(H_∞) = H_∞. The centers of^ισι(H_∞),^ισ^{−1}ι(H_∞),^ιτι(H_∞),^ιτ^{−1}ι(H_∞) are the vertices of a parallelogram and the distance of 0 and each of these is 1. Thus the centers of σ(H_∞), σ^{−1}(H_∞), τ(H_∞), τ^{−1}(H_∞) are also the vertices of a parallelogram. As σ(H_∞) = γτ(H_∞) and γ ∈ Γ_∞, we get γσ^{−1}(H_∞) = τ^{−1}(H_∞). Hence γσ^{−1}γτ(τ^{−1}(H_∞)) = γσ^{−1}γ(H_∞) = γσ^{−1}(H_∞) = τ^{−1}(H_∞). Thus γσ^{−1}γτ fixes H_∞ and τ(H_∞). As Γ is torsion free, γσ^{−1}γτ is identity. We get 0 = γσ^{−1}γτ(0) = γσ^{−1}γ(0). Since γσ^{−1}γτ is identity, γτγσ^{−1} is also identity and

0 = γτγσ^{−1}(0) = γτγ(0). Thus we have γσ^{−1}γ(0) = γτγ(0). Hence τσ^{−1}(γ(0)) = γ(0). Since the fixed point of τσ^{−1} is 0, we obtain γ(0) = 0. It contradicts the assumption that γ ∈ Γ_∞.

We consider five horoballs H_0, σ(H_∞), σ^{−1}(H_∞), τ(H_∞), and τ^{−1}(H_∞). Three horoball H_0, σ(H_∞), σ^{−1}(H_∞) have Euclidean height 1, and two horoballs τ(H_∞) and τ^{−1}(H_∞) have the Euclidean height 1/s^2.

In the next section, we prove the following proposition.

PROPOSITION 3.2 Suppose a Euclidean torus T contains three disks D_1, D_2, D_3 with radius 1/2 and two disks D_4, D_5 with radius 0.11 < a ≤ 0.5 such that int(D_i)∩int(D_j ) = ∅ for i ≠ j. Then

area(T ) ≥ 7 2 tan^π_7 + 2 tan^π_8 + 8a^2 tan^π_4 0.11 ≤ a < a_1 21 4 tan^π_7 + 4a^2 tan^π_4 + 5a^2 tan^π_5 a_1 ≤ a < a_2 7 2 tan^π_7 +^3_2 tan^π_6 + 10a^2 tan^π_5 a_2 ≤ a < a_3 3 4 tan^π_6 + 12a^2 tan^π_6 a_3 ≤ a ≤ 0.5 where

a_1 = 1 2 7 tan π/7 − 8 tan π/8 4 tan π/4 − 5 tan π/5

, a_2 = 1 2 6 tan π/6 − 7 tan π/7 4 tan π/4 − 5 tan π/5

, a_3 = 1 2 6 tan π/6 − 7 tan π/7 5 tan π/5 − 6 tan π/6 .

By the above proposition, we get

area(∂C_1) ≥ 7 2 tan^π_7 + 2 tan^π_8 + 8(^1_s −^1_2 )^2 tan^π_4^2_{2a1 +1} < s <^{100}_{61} = 1.6393 . . . 21 4 tan^π_7 + 4(^1_s −^1_2 )^2 tan^π_4 + 5(^1_s −^1_2 )^2 tan^π_5^2_{2a2 +1} < s ≤^2_{2a1+1} 7 2 tan^π_7 +^3_2 tan^π_6 + 10(^1_s −^1_2 )^2 tan^π_5^2_{2a3 +1} < s ≤^2_{2a2+1} 3 4 tan^π_6 + 12(^1_s −^1_2 )^2 tan^π_6 1 ≤ s ≤^2_{2a3+1} Put

A(s) = 7 2 tan^π_7 + 2 tan^π_8 + 8(^1_s −^1_2 )^2 tan^π_4 + √ s^2 −^1_4^2_{2a1+1} < s <^{100}_{61} = 1.6393 . . . 21 4 tan^π_7 + 4(^1_s −^1_2 )^2 tan^π_4 + 5(^1_s −^1_2 )^2 tan^π_5 + √ s^2 −^1_4^2_{2a2 +1} < s ≤^2_{2a1+1} 7 2 tan^π_7 +^3_2 tan^π_6 + 10(^1_s −^1_2 )^2 tan^π_5 + √ s^2 −^1_4^2_{2a3 +1} < s ≤^2_{2a2+1} 3 4 tan^π_6 + 12 tan^π_6 (^1_s −^1_2 )^2 + √ s^2 −^1_4 1 ≤ s ≤^2_{2a3+1} .

Then we have area(∂C_1) + area(∂C_2) ≥ A(s).

For 1 ≤ s ≤ 2/(2a_3 + 1),

A^′(s) = s √ s^2 −^1_4 − 12 √ 3 s^2 ( 1 s − 1 2 )

≤ 2/(2a_3 + 1) √ (2/(2a_3 + 1))^2 −^1_4 − 12 √ 3 1 ( 1 1 − 1 2 ) = −9.2861 . . . By the same fashion, A^′(s) ≤ −3.0207 . . . for 2/(2a_3 + 1) < s ≤ 2/(2a_2 + 1), and A^′(s) ≤ −1.1042 . . . for 2/(2a_2 + 1) < s ≤ 2/(2a_1 + 1). Thus A(s) is a decreasing function for 1 ≤ s ≤ 2/(2a_1 + 1). It is not hard to see for^2_{(2a1 +1)} < s < 100/61 = 1.6393 . . .

A(s) ≥ A(1.5280 . . .) = 4.14866 . . . > 2.3952 √ 3 = 4.14861 . . .

Therefore we obtain area(∂C_1) + area(∂C_2) > 2.3952 √ 3. 4 Proof of Proposition 3.2.

To prove Proposition 3.2, we use the following Lemma 4.1.

LEMMA 4.1 Let n, m be integers such that m − 2 ≥ n > 2. Then we have

n tan π n + m tan π m ≥ (n + 1) tan π n + 1

+ (m − 1) tan π m − 1 . PROOF OF LEMMA 4.1. Put g(x) = x tan^π_x and f(x) = g(x + 1) − g(x). Then g^{′′}(x) = 2π tan^π_x x^3 cos^{2 π}_x > 0 for x > 2. We have f^′(x) = g^′(x + 1) − g^′(x) > 0 for x > 2. Thus we get f(m − 1) ≥ f(n). Hence m tan π m − (m − 1) tan π m − 1 ≥ (n + 1) tan π n + 1

− n tan π n . We obtain

n tan π n + m tan π m ≥ (n + 1) tan π n + 1

+ (m − 1) tan π m − 1 .

PROOF OF LEMMA 3.2. Take the universal cover of T , which is a Euclidean plane E^2. Let D̃_i be a lift of D_i. Put

H(D̃_i, γ(D̃_j)) = {x ∈ E^2 : d(x, D̃_i) ≤ d(x, γ(D̃_j )} for γ ∈ π_1(T ), and S̃_i = ⋂ 1≤j≤5,γ∈π_1(T ) H(D̃_i, γ(D̃_j)). Then S̃_i is a polygon which contains D̃_i. Let S_1, . . . , S_5 be the covering projection images of S̃_1, . . . , S̃_5 respectively. By S_1, . . . , S_5, we get a cell decomposition of T .

Let V , E and F be the number of vertices, edges, and faces of this cell decomposition of T respectively, and V_n the numbers of vertices with order n. Then E = ∑ n≥3 nV_n 2 ≥ 3 2 ∑ n≥3 V_n = 3 2 V.

We have V ≤ 2 3 E. By the Euler characteristic number, we get V − E + F = 0. Since the number of faces F is 5, we get E ≤ 15. We denote the number of edges of S_i by n_i. Then 5∑ i=1 n_i = 2E. Hence_5 ∑ i=1 n_i ≤ 30. Suppose n_4 + n_5 ≥ 12. We will show area(S_i) ≥ 2 √ 3a^2 for i = 4, 5, where 2 √ 3a^2 is obviously equal to the area of the regular hexagon which circumscribes to ∂D_i. (See [5].)

The following proposition is proved in [5].

PROPOSITION 4.2 Let C be a circle, P a regular n-gon which circumscribes to C, and U a circle which circumscribes to P . If an n-gon S contains C, then area(S ∩ U) ≥ area(P ).

By Proposition 4.2, if an n-gon P contains a circle C, the area of P is larger than or equal to the area of the regular n-gon which circumscribes to C. The area of the regular n-gon is a^2 tan π/n where a is the radios of C. Thus we can assume n_i ≥ 7. Let P_i be the regular hexagon which circumscribes to ∂D_i(i = 4, 5) and U_i the circle which circumscribes to P_i. We will show area(S_i ∩ U_i) ≥ area(P_i) = 2 √ 3a^2. Let O_j be the center of D_j(j = 1, . . . , 5), and D_l and D_k the disks corresponding to the adjacent edges of S_i, say e_l and e_k respectively. Drop a perpendicular line from O_i to e_k and e_l. Put the feets of these perpendicular lines M and N respectively. We will show that the distance M and N is larger than or equal to a. Let M^′ (resp. N^′) be a point such that of O_iM^′ : M^′O_k = a : 1/2(resp. O_iN^′ : N^′O_l = a : 1/2). We have MN ≥ M^′N^′. Figure 1.

By the assumption, we get O_kO_l ≥ 2a. By the definition of M^′ and N^′, M^′N^′ : O_kO_l = a : a + 1/2. Therefore we have M^′N^′ ≥ 2a^2/(1/2 + a). We can easily see M^′N^′ ≥ a. Hence we can obtain MN ≥ a. The distance between the feets of the perpendiculars is larger than or equal to a. Let A_i be the annulus which is bounded by ∂D_i and U_i. There exists at most 7 points on A_i such that each distance between the points is larger than or equal to a.

Suppose the number of the feets of the perpendiculars is less than or equal to 6. Then there exists a 6-gon S^′ such that area(S_i ∩ U_i) = area(S^′ ∩ U_i) and S^′ contains D_i.

Figure 2.

By Proposition 4.2, area(S^′ ∩ U_i) ≥ area(P_i), and hence area(S_i ∩ U_i) ≥ area(P_i).

Suppose the number of the feets of the perpendiculars is 7. It is not hard to check the length of perpendicular line from O_i to an edge is larger than 1.13831a when each distance of feets of these perpendicular is larger than or equal to a.

Figure 3.

Let S^{′′} be the regular 7-gon, whose center is O_i and the foot of perpendicular line to an edge is 1.13831a. Then area(S_i ∩U) > area(S^{′′} ∩U_i). We can get area(S^{′′} ∩U_i) > 4.1582a^2. Thus the area(P_i ∩ U) > 4.1582a^2 > 2 √ 3a^2.

Figure 4.

As n_4 + n_5 ≥ 12, we have n_1 + n_2 + n_3 ≤ 18. Let P_i be the regular n_i-gon which circumscribes to ∂D_i(i = 1, . . . , 3). Since S_i contains D_i, we have area(S_i) ≥ area(P_i). 3∑ i=1 area(S_i) ≥ 3∑ i=1 area(P_i) = 3∑ i=1 n_i 4 tan π n_i . We will estimate the right side of the above inequality. As x tan π/x is a decreasing function for x > 2, we can assume

∑_3

i=1 n_i = 18. By Lemma 4.1, 3∑ i=1 n_i 4 tan π n_i ≥ 3∑ i=1 6 4 tan π 6 = 3 √ 3 2 . Hence_5 ∑ i=1 area(S_i) ≥ 3 √ 3 2 + 4 √ 3a^2. Put f_1(a) = 3 √ 3 2 + 4 √ 3a^2.

Suppose n_4 + n_5 ≤ 11. 5∑ i=1 area(S_i) ≥ 5∑ i=1 area(P_i) = 3∑ i=1 n_i 4 tan π n_i + 5∑ i=4 n_ia^2 tan π n_i . We may assume n_1 ≤ n_2 ≤ n_3 and n_4 ≤ n_5. By Lemma 4.1, we consider six cases;

(n_1, n_2, n_3, n_4, n_5) = (6, 6, 7, 5, 6), (6, 7, 7, 5, 5), (7, 7, 7, 4, 5), (7, 7, 8, 4, 4), (7, 8, 8, 3, 4), (8, 8, 8, 3, 3). Put

f_2(a) = 3 tan π 6 + 7 4 tan π 7 + 5a^2 tan π 5 + 6a^2 tan π 6 , f_3(a) = 7 2 tan π 7 + 3 2 tan π 6 + 10a^2 tan π 5 , f_4(a) = 21 4 tan π 7 + 4a^2 tan π 4 + 5a^2 tan π 5 , f_5(a) = 7 2 tan π 7 + 2 tan π 8 + 8a^2 tan π 4 , f_6(a) = 7 4 tan π 7 + 4 tan π 8 + 3a^2 tan π 3 + 4a^2 tan π 4 , and f_7(a) = 6 tan π 8 + 6a^2 tan π 3 .

Hence we get_5 ∑ i=1 area(S_i) ≥ min_j f_j (a). As f_7(a) − f_5(a) = (6 tan π 3 − 8 tan π 4 )a^2 + 4 tan π 8 − 7 2 tan π 7 , we have f_7(a) > f_5(a) for a > √ (^7_4 tan^π_4 − 2 tan^π_8 )/(3 tan^π_3 − 4 tan^π_4 ) = 0.1095 . . . By the same way, we get f_6(a) > f_5(a) for a > √ (^7_4 tan^π_4 − 2 tan^π_8 )/(3 tan^π_3 − 4 tan^π_4 ) = 0.1095 . . . We can easily get;

f_5(a) < f_4(a) for a < a_1 and f_5(a) ≥ f_4(a) for a ≥ a_1, f_4(a) < f_3(a) for a < a_2 and f_4(a) ≥ f_3(a) for a ≥ a_2, f_3(a) < f_2(a) for a < a_3 and f_3(a) ≥ f_2(a) for a ≥ a_3, f_2(a) < f_1(a) for a < a_3 and f_2(a) ≥ f_1(a) for a ≥ a_3.

This completes the proof of Proposition 3.2.

As 12 tan^π_6 a^2 ≤ 8a^2 tan^π_4 , 5a^2 tan^π_5 , 10a^2 tan^π_5 , and^7_2 tan^π_7 + 2 tan^π_8 ≤^{21}_4 tan^π_7 , 7 2 tan^π_7 +^3_2 tan^π_6 ,^3_4 tan^π_6 , we can easily get the following corollary, which is Lemma 3.1. COROLLARY 4.3 Suppose a Euclidean torus T contains three disks D_1, D_2, D_3 with radius 1/2 and two disks D_4, D_5 with radius 0.11 < a ≤ 0.5 such that int(D_i) ∩ int(D_j ) = ∅ for i ≠ j. Then the following inequality holds; area(T ) ≥ 7 2 tan π 7 + 2 tan π 8 + 12 tan π 6 a^2.

References

1. Adams, C.: Volumes of N-cusped hyperbolic 3-manifolds, J. London Math. Soc.(2) 38 (1988), 555–565.

2. Boroczky. K: Packing of spheres in spaces of constant curvature, Acta. Math. Acad.

Sci. Hunger 32 (1978), 243–261.

3. Benedetti, R. and Petronio, C.: Lectures on hyperbolic geometry, Springer, Berlin, (1992).

4. Cao, C. and Meyerhoff, R.: The Orientable Cusped Hyperbolic 3-Manifold of Minimum Volume, preprint, http://fmwww.bc.edu/mt/meyerhoff/meyerhoff.html

5. Toth. L. F.: Lagerungen in der Ebene auf der Kugel und im Raum, Grundlehren Math. Wiss., bd. 65, Springer-Verlag , (1953)

6. Meyerhoff. R: Sphere packing and volume in hyperbolic space, Comment. Math. Helv.

61 (1986), 271–278.

Department of Information and Computer Science Nara Women’s University, Kita-Uoya Nishimachi Nara 630-8506, Japan.

e-mail:han@vivaldi.ics.nara-wu.ac.jp